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Abstract— The paper presents an extension of cost-cumulant
control theory over a finite horizon for a class of two-team
pursuit-evasion games wherein the evolution of the states of
the game in response to decision strategies selected by pursuit
and evasion teams from non-inferior sets of admissible controls
is described by stochastic linear differential equation and
integral quadratic cost. Since the sum of the aggregate cost
functions of two teams is equal to zero, the amount that one
team gains is equal to the amount of the other team loses.
Both cooperation within each team and competition between
the teams presumably exist. A direct dynamic programming
approach for the Mayer optimization problem is used to solve
for a multi-cumulant and non-inferior based solution when the
members in each team measure the states and minimize the first
k cumulants of the standard integral-quadratic cost associated
with this special class of multi-player pursuit-evasion games.

I. INTRODUCTION

Since the 1950s, the work of Issacs [2] in deterministic
pursuit-evasion game of a single pursuer and a single evader
with perfect information and common knowledge has been
greatly extended to pursuit-evasion with multiple pursuers
and multiple evaders. Recent developments [6], [4] and
references therein respectively treat probabilistic discrete-
time as well deterministic continuous-time problems. To the
best knowledge of the authors, there hasn’t yet been any
work done for multi-player pursuit-evasion differential game
problems wherein the members in each team have common
interests to statistically improve their payoffs at the expenses
of the other members from the rival team. In particular,
this paper is proposing a novel and innovative paradigm for
non-inferior strategy selection using performance-measure
statistics to provide not only a mechanism in which the
common benefits of all members in each team can be
optimized, but also an analytical tool which is used to
characterize a complete statistical description of the global
performance of the multi-player pursuit-evasion. The present
work has extensive applications in multi-missile guidance
and interception, military tactics, and strategic decision-
making.

The paper is structured as follows. The necessary back-
ground in generating higher-order performance-measure
statistics of the multi-player pursuit-evasion game is pre-
sented in Section II. These performance-measure statistics
are then used to formulate the cost-cumulant control problem
for the subject game. A precise mathematical formulation
along with several problem statements of the multi-player
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pursuit-evasion problem is summarized in Section III. Fi-
nally, a multi-cumulant, non-inferior and saddle-point solu-
tion and some remarks are presented in Sections IV and V.

II. PROBLEM FORMULATION

For analytical tractability, let’s consider a special class
of differential games whose dynamical systems of pursuers
and evaders are linear and the cost functions are quadratic
functions of the states and controls. For instance, a pursuit-
evasion differential game with a team P with mp pursuers,
identified as mq,...,mp, and a team E with mg evaders,
identified as mq, . .. m E, 1N an open subset of Hilbert space
S. Denote by =X (¢ ) 2 X (twX) ¢ [to, tg] x QX — R™
belonging to the Hilbert space L (QX C([to,tf];R”f))

of R -valued, square integrable processes on [to,ts] that
are adapted to the o-field F;X generated by w;*(t) with
E{ :Of (asf()T(T)a:ZX(T)dT} < oo the state variables for the
members ¢ = 1,...,mx 1n each team X = P, £ whose

corresponding physical positions in S are described by
da* (t) = (AT (1) (1) + B (u* (¢))dt
+ G (dwi (1), @7 (to) =235 (1)

where the initial states x;5 are known. The input noises
wX(t) & wX(t,wX) : [to,t;] x QX — RPN are the
p:X-dimensional stationary Wiener process defined with
{FX}i>0 being its natural filtration on complete filtered
probability spaces (QX,F, {F7 hi>o0, P{X) over [to,tf]
with the correlations of increments

B {[w (r) — w (©))[wX () — w (¢

7

Iy = Wiy — e,

and continuous- t1me coefﬁments AX € C([to, ty]; R" xng ),
BX e C([to, tg);R" *™), and GX € C([to, t];R™ xPP ),
In (1), u;X € U;* are the control vectors for the members
in each team where U* € L2 (Q%;C([to,ty]; R™))
are the sets of correspondmg admlsslble control strate-
gies in Hilbert space of R™: -valued, square integrable
processes on [tg,ts] that are adapted to the o-field Fjf

generated by wX (¢). For simplicity of notation, let 2% =

T T
()", )T] w20 [)T o ()T
AX £ diag(Af, ..., AY ), BY £ diag(BY,..., By, ).

and GX £ diag(GY, ..., Gix). Then, the dynamlc equa-
tions of multiple pursuers and evaders can be rewritten in a
compact form as

dz™ (t) = (A% ()2 (1) +

- GX(t)de(t) :

X (t)u (¢))dt
xX(to) xé< 2)



and the aggregate dynamic equation of the multi-player
pursuit-evasion differential game is then given by

da(t) = (A(t)z(t) + BY (t)u” (t) + BE (t)u” (t))dt
+G)dw(t), z(tg) =xo 3)

[(BD)T,0]
diag(G?,GF), =

where A £ diag(AF, AF), B £
B” £ o, (Bf)T]T, a -
[(&)T, (xF) ] dw £ [(de)T,(dwE)T]T, and W
diag(W1 se W,f:P,WlE, ...,WE ). Since not all evaders
will be captured at the same time, the terminal time of the
game, ¢y should be defined based on the capture of all.
Definition 1: Terminal Time.
For any evaders {j J , assume that there exists a pursuer
{i}"% engaged with at least one evader. The capture time
t; of evader j is given by
t; &inf {t >0,3i: d(z] (t), 2}

2 ) j

> >, =

) <e ecRt}.
Then, the terminal time ¢y of the pursuit-evasion game is
tr = max {i; 5
f 1<j<mg { } ( )
Note that the terminal time could be infinity due to the
inability of pursuers to capture some evaders whose physical
and functional characteristics are superior to team P. Let

urf & Xyl ut A xTEyP, X & xR x
E . .
xMER™ C &. Then, associated with each (uf’,uf) €

UP x U* is a finite-horizon integral quadratic form (IQF)
cost JX ¢ [to, tf] x X xUP xUF — RTU{0} for which the
member ¢ in team X, for X = P, E' attempts to optimize

T(tf)Q;');fC(tf)

+Z

+ > @B (ORSE (D (0)]dr, ©)

JiX(to, zo; ul, uE) =

o

TR (T)uf (1)

subject to the dynamlcs of the differential game (3) where
QX € RELHIIEn) XTIl +TE ) X ¢
C([to,tf] R(El Enl+3 T E n Py x (22 P+ZmE E)) Cross-
coupling control inputs RY" € C([to,tf];RmJ’ xmy ) and
RSP e C([to, t]; RmEme) are symmetric and positive
semidefinite with Rf]( P(t) and R%E(t) invertible.

Within a cooperative team X, it is of interest a negotiated
solution among all members. A negotiation is done via
mutual and enforceable agreements among team members.
This solution is selected from the set of strategy m x-tuples
defined below.

Definition 2: Non-inferior Strategies.

The strategy my-tuple v¥ = (vi¥,... vX

;Ui ) belongs
to the noninferior set if, for any other strategy mx-
tuple uX: {JX(to,wo;u’,) < JX(to,xo;v%, )} only
it {JX(to,xo;u™,:) = JX(to,z0;v%,-)}, for all i =
1, NI
Since the IQF costs (6) are convex functions on a convex
set UT x UF with convex constraints (3), the problem of

solving for a set of non-inferior strategies within each team
X with a vector cost criterion is equivalent to the problem
of solving an mx — 1 parameter family of optimal control
problems with scalar cost criteria [5], [7]. Each non-inferior
strategy mx-tuple therefore minimizes the scalar criterion

Z@

where the set of team strategy profiles ¢X € WX is defined
as follows

Xé{fxeR’“:Z@X:l;Ogﬁf‘gl}. (8)

J (to,l’o,u Uu aEX to,Io,U uE)ﬂ (7)

i=1

Let QF £ YM&5QN, Q¥ £ Y
S SXRXP, and RXP £ £y £;XR” . Then the ag-
gregate cost (7) can be written explicitly as follows

JX (to, wo; u”, uE;SX)ZmT(tf)fo (tr)

+/t:f [a:T( QX +Z

+3 W) (r)RY E(T)uf(r)} dr. (9)

EX RXP A

(MR (r)uj (1)

For a compact notation, let RX” £ diag(R¥”,..., R P),
and R*F £ diag(R{'F, ..., R;\¥). The negotiating cost (9)

associated with team X then becomes
=" (t7)QF x(ty)
ty
+ [ [ @¥ atr) + W R ()

to

JX (to, wo; u® , u?; €%)

+ (W) (r)R*E (r)uP (1) |dr.  (10)

In fact, the game is zero-sum only if RFY = —RFF £ Rp,
REE = RPE £ RE’ QfP = _QJ? £ Qfa and QP =

—QF £ (. Substituting these results into (10), one obtains
the zero-sum differential game cost

J(to, mo;u®, u”) = & (t5)Qa(ty)
+/ f [xT(T)Q(T)x(T) + (W) ()R (1)u” (1)

— (W) (r)RF (r)u® (11)

In view of the linear system (3) and the quadratic
performance-measure (11), it is reasonable to assume that
both teams P and E choose their control actions from classes
of linear memoryless-feedback strategies, 7P : [to,tf] X
L2, (C([to, t): X)) > L% (C([to, t7:U7)) and 77
[to.t5] % L, (@ C([to, t): X)) > L2 (% C([to, t):UF))

uf(t) =77 (t (1)) = KT ()a(t) (12)
uB(t) =" (t2(t) = KE(a(t), (13)
where K € C([to, ] R X (S T+ 7)) and

K¥ € C([to, ty]; R my X (0 nl +327 E)) are admis-
sible gains for teams P and E. For the given initial condition

(7)|dr.



(to, o) € [to,tf] x S and control strategies subject to (12)-
(13), the dynamics of the game (3) is then given by

dz(t) = [A(t) + BP()K" (t) + B (1) K ()] x(t)dt
+ G)dw(t), x(to) =z, (14)

and its IQF cost also follows

T(to20: K7, KP) = 2T (t1)Qer(ty) + / T [Q)

+KPT(T)RP(T)KP(T)—KET(T)RE(T)KE(T)]:c(T)d7('.15)

It is now necessary to develop a procedure for generating
cost cumulants for the zero-sum stochastic differential game
by adapting the parametric method in [3] to characterize
a moment-generating function. These cost cumulants are
then used to form a performance index in the cost-cumulant
control optimization. This approach begins with a replace-
ment of the initial condition (g, 2() by any arbitrary pair
(a, 7). Thus, for the given admissible feedback gains K ¥
and K, the cost functional (15) is seen as the “cost-to-go”,
J (e, x,). The moment-generating function of the vector-
valued random process (14) is given by

2 E{exp (0] (o, 24))} ,

where the scalar # € RT is a small parameter. Thus, the
cumulant-generating function immediately follows

VY (o, 26;0) 2 In{p (o, z4;0)}

in which In{-} denotes the natural logarithmic transformation
of an enclosed entity.

Theorem 1: Cost Cumulant-Generating Function.
For all a € [to,ts] and the small parameter § € RT, define

¥ (057 Lo 9) £ o (aa 0) exp (:L'(I;T(Oz, G)Ia) )
v(a,0) = 1n{o(a,0)}.

Then the cost cumulant-generating function is expressed as

¢ (o, za;0) (16)

A7)

(18)
19)

(a0, 24;0) = JcaTT(a, Nz +v(a,b), (20)

in which the scalar solution v (a, 8) solves the backward-in-
time differential equation with v (t7,0) =0

d

v (o, 0) = =Tr {Y (e, 0)G (a) waGT (@)},
whereas Y (a, 0) satisfies the backward-in-time differential
equation together with Y (t¢,0) = 6Q;

21

%T(a,@):
— [A(@) + B(a)K (@) + B(a) K¥()]"Y (a, 0)
— (v, 0)[A(a) + B (a) K (@) + BF () K ¥ (a)]
— 27 (e, ) G(a)WGT () Y (e, 0) — 0[Q(«)

+ KPT(a) R (@) K (o) — K¥T(a) R¥(a) KH(a)].  (22)

Meanwhile, o(a, ) satisfies the backward-in-time differen-
tial equation with o (t¢,0) =1

79(0479) =

da —0(,0) Tr {Y(c, 0)G () WG () } .

(23)

Proof. For any 6 given, let @ (o, z4;0) = exp (0J (o, 1,))
then the moment-generating function becomes

v (a,zq;0) = E{w (a,24;0)} ,

with the time derivative of

0 (@703 0) =~ (,70:0) 02T [Q(a)
+ KT (a)RY (@) KT () — KPT(a)RP(a) K" ()] zq .

Using the standard Ito’s formula, one get
dp (0,203 0) = E{dw (a,z0;0)} ,
= E{wa (o, 203 0) da + Wy, (0, 24;0) dz,,
1
+ §Tr {@snza (@, 20;0)G()WGT () } da} )

= o (0, 24;0) da
+ a0, 20 0)[A(a) + B (a) K@) + BH() K¥(a) [xada

+ %Tr {goz&% (a,24;0) G () wGT (a)} do,

which with the definition (18) leads to

— ¢ (a,2a36) Oy, [Q(a) +

~ K" (a)R"(a

(@, 0)0 + @ (0, 20 0) {xg [A)
+ BP(a)KF (o) + BE(a)KE(a)] T (a,0)zq
ol Ta(,0) [A(e) + BY (@)K (@) + BE (@)K (a)] 24 |
+ ¢ (0,03 0) { 2007 (0, 0)G (WG (0) Y (0, )
+Tr {1 (0, 0)G()WGT (a)} } .

JK
+ ¢ (o, 20;0) 2L di
(ax

To have constant and quadratic terms being independent of
T4, it requires that

%T(a, 0)
= —[A(e) + B ()K" (a) + BF () K¥(a)]" T (, 0)
— (e, 0)[A(e) + BY ()K" (a) + BF () K ¥ ()]
—2Y(ar, )G () WGT (a) Y (v, 0)
—0[Q(a) + K" (a)RM(a) KM (@) = K¥ () R¥(a) K ()],

%Q(a,ﬁ) =—0(a,0) Tt {Y(c,0)G () WGT (@) } ,



with the terminal conditions Y (¢5,6) = 0Q and o (t,0) =
1. Finally, the remaining backward-in-time differential equa-
tion satisfied by v (a, 8) is given by

d
v (a,0) = —Tr { Y (v, )G () WG (cx
o
which completes the proof.
The MacLaurin expansion of the cumulant-generating
function is used to generate cost cumulants for the multi-
player pursuit-evasion game

gmaaca

)},U(tf,e) =0
gt o®
(o, 24; 0 - 289(1

in which k;(«, z4)’s are the cost cumulants. Note that the
series coefficients can be computed by using (20)

a(z o
——(a, z4; 0) =T —.T(a,&) Ty
0 0=0 00 0=0
o 0 25
Tag )|

Cost cumulants for the stochastic differential game problem
can be obtained using (24) and (25) as follows

o®

o)
T
a6V

Kila,zq) =2

To +
=0

a, 0) )

0=0
(26)

for any finite 1 < ¢ < oo. For notational convenience, the
following definitions are needed in place

Theorem 2: Cumulants in Multi-Player Pursuit-Evasion.
Suppose the multi-player pursuit-evasion game is character-
ized by (14)-(15) where (A, BY) and (A, B¥) are uniformly
stabilizable. Two teams presumably choose their control
strategies (uf(t),uf(t)) = (KT (t)z(t), KE(t)x(t)). For
given k € Z*, ¢ € WP, and ¢F € WPF, the k" cost
cumulant in multi-player pursuit-evasion is computed by

ki(to, w0; €5, 6% KP KP) = aH (to, k)zo+D(to, k) (28)

in which the cumulant- building variables {H (,)}*_, and
{D(a,i)}k_, evaluated at o = t; satisfy the following
differential equations (with the dependence of H(«, i) and
D(, ) upon the admissible gains K7 and K suppressed)

d
—H(o,1) =
o1

— [A(e) + B ()K" () + B¥ ()K" (a)]” H(a, 1)
—H(e, 1) [A(a) + BY (@) K* (@) + B () K ()] —Q(v)
— K" (a)R" ()K" (a) + K" ()R () KF (o), (29)

]T

(o ma;G)‘ =

and, for2<: <k

d
da
- [A(a) + B (a)KF (a) + BE(a)KF ()] H(a,1)
- H(a,i) [A(e) + BP () KT () + BF (o) KF(a)]

——H(a,i) =

]T

S W ET @), G0
A )
together with 1 < i < k
%D(a,i) = —Tr{H(a,1)G(a) WG (a) }, 3D
where the terminal conditions H(ty,1) = Q, H(ts,i) =0

for 2 <i<kand D(tf,i) =0for 1 <i<k.

Proof. The cost cumulant expression in (28) is readily jus-
tified by using the result (26) and the definitions (27). What
remains is to show that the solutions H («, ) and D(a, i) for
1 <4 < k indeed satisfy the equations (29)-(31). Note that
the equations (29)-(31) satisfied by the solutions H(c, ¢) and
D(a, i) can be obtained by repeatedly taking the derivative
with respect to 6 of the equations (21)-(22) together with the
assumption A(a) + BY (a)K ' (a) + BF(a)K¥(a), stable
for all a € [to, ty].

III. PROBLEM STATEMENTS

In the subsequent development, the subset of symmetric
matrices of the vector space of all n x n matrices with real
elements is denoted by S™ where n £ 7% nP + 377" =1 n
Now let k-tuple variables 7 and D be deﬁned as follows
H() = (Hi(-),...,He(-)) and D(:) & (D1(-),...,Dr("))
for each element H; € C'([to,ts];S™) of H and D; €
C'([to,t];R) of D having the representations H;(-) =
H(-,i) and D;(-) = D(-,) with the right members satisfying
the dynamic equations (29)-(31) on the horizon [t,ty]. For
notational tractability, the following mappings are introduced

Fit [to,tg] x (S™)F x R™ *n x Rm7xm oy gn
gi : [to,tf] X (Sn)k — R

P & mp P E & mg
where m dimimi s mY = Lm¥,

are given by

and the actions

fl(aaHaKP7KE) é
— [A(@) + B (@)K () + B (a) K*(a)]
—Hi(a) [A(a) + BY ()K" (a) + BF () K
—Q(a) = K" (a)R" (a) K"
Fila,H,KF KF) 2
— [A(a) + BP (@)K (a) + B® () KP(a)]" Hy()
- H‘( ) [A() + BY () K” (@) + BF () K ()]

_Zﬂl_]

Gi(a,H) & —Tr {H

T

Ha(a)

Ha )}
(@) + K" (a) R () K* (o),



For a compact formulation, the following product mappings
are introduced

]__1 VIR -7:}<; . [t()ﬂff] > (S'rb)kx ]R'mp Xm R’mEXn — (Sn)k
glx e X gk) . [t07tf]>< (Sn)k HRk

along with the corresponding notations F £ F; x --- x Fj,

and G £ Gy X -+ x Gj. Thus, the dynamic equations of
motion (29)-(31) can be rewritten as follows

d

o H(@) = Fla,Hia), KP(a), K¥(a)), H(t;) (32)

d

~D(a) = G H(a),  Dlty) (33)
where the terminal values H(tf) = (Qy,0,...,0) and
D(tf) = (0,...,0).

Note that the product system uniquely determines H and
D once the admissible feedback gains K and K are spec-
ified. Hence, H and D are considered as H(-, K, K*) and
D(-, KP KF), respectively. The performance index in cost-
cumulant control can now be formulated in the admissible
feedback gains K and KF.

Definition 3: Performance Index.

Fix k € Z* and p = {p; > 0}, with gy > 0. Then for
given (tg,z0), £ € WP, and ¢¥ € W¥F, the performance
index o : [to, ts] X (S™)* x R* = R* of the cost-cumulant
control is defined as

¢0 (t07H(t07KP7 KE)7D(t0a KP) KE))

L

:ui'%i(KPﬂ KE)

M-

1
k
= il Hilto, K* KP)ao + Di(te, K¥, KP)]  (34)
=1

where the parametric design freedom p; mutually chosen
by two non-cooperative teams represent different levels of
influence as they deem important to the overall cost distri-
bution of the multi-player pursuit-evasion game and solutions
{H;(to, K, KE) > 0}F_| and {D;(to, K, K¥) > 0}F_,
evaluated at o = t¢ satisfy the equations (32)-(33).

For the given terminal data ({7, Hy,Dy), the classes
/Cff’Hf’.Df;gp’EE;u and ]CtE];‘,Hf7Df§§P,§E§M of admissible feed-
back gains may be defined as follows.

Definition 4: Admissible Feedback Gain Strategies.

Let the compact subsets K c R %7 and K ¢ R xn
be the sets of allowable gain values. For given ¢F €
WP ¢E ¢ WE k € Z*, and p = {u; > 0},
with p1 > 0, the sets of admissible control strategies

P E
and are assumed to be
Ictfnyypf';EP,EE;,u Ictf'1Hf'1Df§§P7§E§#

the classes of C([to,tf];]RmPX") and C([to,t ];RmEX")
with values KP(-) € K' and KF(-) € K" for which
solutions to the dynamic equations of motion (32)-(33) exist
on the finite horizon [to,t¢].

Then one may state the optimization problem for the zero-
sum stochastic differential game.

Definition 5: Optimization Problem.
Fix ¢P e WP, ¢F e WE, k€ Z*F, and p = {p; > 0},

with 1 > 0. Then the optimization problem for multi-player
pursuit-evasion over [to,ts] is given by
min

max
KE()eK?

KP()ex?r
(e tp Ry, Dyl e Fiu

tpHyp Dyl eFiu

¢0 (tO7H(t07KP7KE)’D(t07KP7KE)) (35)

subject to the dynamic equations (32)-(33) for « € [to, tf].

It is worth mentioning that the subject optimization is an
initial cost problem, in contrast with the more traditional
terminal cost class of investigations. One may address an
initial cost problem by introducing changes of variables
which convert it to a terminal cost problem. However, this
modifies the natural context of cost cumulants, which it is
preferable to retain. Instead, one may take a more direct
dynamic programming approach to the initial cost problem.
Such an approach is illustrative of the more general concept
of the principle of optimality, an idea tracing its roots back
to the 17th century.

As a tenet of transition from the principle of optimality, a
family of games based on different starting points is now of
concerned. Let’s begin by considering an interlude of time, €
in mid-play. At its commencement the path has reached some
definitive point. Consider all possible (#, D) which may be
reached at the end of the interlude for all possible choices
of (K¥,K¥). Suppose that for each endpoint, the game
beginning there has already been solved. Then the value
function V(g, H, D) resulting from each choice of (K, K¥)
is known, and they are to be so chosen as to render it
minimax. As the duration of the interlude approaches ty,
this leads to a sufficient condition to Hamilton-Jacobi-Isaacs
(HIT) equation.

Definition 6: Playable Set.

Let the playable set Q be defined as follows

02 {(g,y,Z) € [to,tf] x (S")* x R¥ such that

P E
Koy zereri X Ky zier ¢oi 7 0}'

The fundamental theorem of calculus and stochastic differ-
ential rules can be used to derive a saddle point.

Theorem 3: Existence of a Saddle Point.
Fix k € Z* and pp = {u; > 0}F_, with 3 > 0. Then for
given (to,x0), ¥ € WP and ¥ € WF| there exists a saddle

: P E P E
point (K%, K°) € Ky gy, pyser emin X Kol v 6o
such that there holds

¢o (to, H(to, K, KF), D(tg, K, KF))
< ¢y (to, H(to, KP* KP*), D(ty, K'*, KE*))
< ¢o (to, H(to, K*, K**), D(ty, K, KF*)) .

Therefore, the existence of a saddle point yields both nec-
essary and sufficient conditions for the minimax problem to
be equivalent to the corresponding maximin problem.

Theorem 4: Differentiability of Value Function.
Let admissible feedback gains KP*(a,H,D) and
KFP*(a,H,D) constitute a saddle point. Further, let
to(e, ¥, 2) and (H(to(e, Y, 2);¢,Y), D(to(e, Y, 2);¢, Z))



be the initial time and initial states for the trajectories of

%H(a) = F(a,H,K*(a, H, D), K¥*(a, H, D)),
d

with the terminal condition (g,),Z).
function V(e,V,2Z) is

Then, the value
differentiable at each point

at  which #o(,,2Z) and H(to(e,)V,Z);e,)Y) and
D(to(e, Y, 2);e,Z) are differentiable with respect to
(€, ), 2).

Moreover, if the value function is continuously differentiable
then such a saddle point is unique.

Theorem 5: HJI Equation-Mayer Problem.
Let (¢,),Z) be any interior point of the playable set Q
at which the value function V(e,), Z) is differentiable. If
there exist a saddle point (K% KF*) ¢ IC8 V2P £Pip
IC€ V.2.6P £F , then the partial differential equation of the
pursuit- evasmn differential games

0= min max

KPcRY KECK

0
5 {&V(E,y,Z)

0 _—
+WV(E,JJ,Z)~VGC(?(E,J},K ,K ))

0

+(9\/T(2,7)V(6’y72) 'VeC(g(E,y))} (36)

is satisfied together with

V(to, Ho, Do) = ¢o(to, Ho, Do)

and vec(-) the vectorizing operator of enclosed entities.

IV. SADDLE-POINT STRATEGIES

The approach of obtaining a saddle-point solution requires
parametrization of the terminal time and states of the opti-
mization problem as (¢, ), Z) rather than (¢¢,Hs, Dy). That
is, for € € [to,tf] and 1 < i < k, the states of the system
(32)-(33) defined on the interval [tg,e] have the terminal
values denoted by H(e) = Y and D(¢) = Z. Observe
that the cumulant-based performance index (34) is quadratic
affine in terms of arbitrarily fixed x(. This suggests a solution
to the HJI equation (36) may be sought in the form

W(e, Y, 2)

k
Z (Vi + & xo+2m T()), @7
where these parametric functions of time &; €

CY([to,ts);S™) and T; € C*([to, t¢]; R) are to be determined.
Theorem 6: Time Derivative of a Candidate Function.
Fix k € Z* and let (¢,), Z) be any interior point of the
reachable set Q at which the real-valued function (37) is
differentiable. Then, the time derivative of W(e, ), Z) is

found to be

jg (€,V,2) = Z,U/z(gzgy ())

+xoZul< eV, K7 KP) + dé’( ))xo. (38)

The substltutlon of this hypothesized solution (37) into the
HIT equation (36) and making use of the result (38) yield

0= min max

KPeR" KEeK"®
0

ey

0

+ Ovec(Z2)

k k
. d d
= min maxE{xoT <§ uidgc‘fi(e)> zo+ E ,uid—g’f,»(e)
i=1 i=1

KPR KECK

k
+zd <Z,uz (e, Y, K" KP) >I0+Zﬂigi(€,y)}-

i=1
(39)

0
{&W(E,y7 Z)

W(e, Y, 2) - vec(Fi(e, Y, K¥', KF))

WV, 2Z)- veC(gi(s,y))} ,

It is important to observe that

Zuz

k
=~ [4©)+ BPOK" + BE©K®]" Y wi,

File,V,KP KF)

k
—Zuzyz e)+ B ()K" + BF (e)K"]
— ulQ(e) - ,ulKPTRP(E)KP + m KETRP (e)KF

k i—1

—ZmZ j, )yj (WG (e)Vij,

Zﬂlgz g, y ZulTr{yl

Differentlatmg the expression w1th1n the bracket of (39) with
respect to K and K yield the necessary conditions for an
extremum of the performance index (34) on [tg, ],

k

> pwiYiMy — 2mR" (e) KMy =0,

i=1

WG (o)} .

—2BPT(¢)

k
) Z (1Y Mo + 2 RP () KF Mo = 0.
i=1
Because M is an arbitrary rank-one matrix, it must be true

—2BFT (¢

K"(e,9,2) = —(R")" ()BT (e Zuryr, (40)
k

K®(e,Y,2) = (R®) Y ()B* (e) Y Y, SO
r=1



where [, = p;/p1 for pp > 0. Substituting the gain
expressions (40) and (41) into the right member of the HIJI
equation (39) yields the value of the minimum

k k k
zg Zui%&@) — AT 6)2#1% - ZﬂiyiA €

_/JlQ +Z,U/ry7‘BP )(RP Z/ffzyz

r=1

k
+ Z MiyiBP(E)(RP)_l(E)BPT(E) Z //Zsys

i=1 s

BPT

k
=Y Y BE(E)(RP) )BT (e) Y widi

k k
= wVBEE)(RD) )BT () ] LY

i=1 s=1

k
— M Z ;Y BT (e)(R7) " (e) B (¢) Z [isYs

r=1 s=1
k k
+ ) BV BE(E)(RP)THe) B () ) s
r=1 s=1
k i—1 921
. T
— Z i Z mij(E)WG (E)yi,j o)

i=2  j=1

k
+Z,Ufz% i ZﬂzTr{yz
=1

It is now necessary to exh1b1t time dependent functions
{&( )}Z , and {7;(- )}z , which will render the left side
of (42) equal to zero for € € [to,ts], when {V;}F
are evaluated along solution trajectories of the cumulant-
generating equations. Studying the expression (42) reveals
that &;(-) and 7;(-) for 1 < i < k satisfying the backward-
in-time differential equations

d
diggl (E)

WG (e)} . 42

= AT(eYH1(e) + Hi(e)A(e) + Q(e)

k
— Hi(e)BY(e)(R7) ()BT (e) D HisHi(e)

w
Il
—

k
=Y iH() B ()(RT) (&) BP (e)Ha(e)

r=1

k
+H1(e)BE(e)(RF) "1 (e)BPT () ) lisHs(e)

s=1

k
+ > He(€) B ()(RP) 7 () BFT (e)Ha(e)

r=1

k k
+Y mH(e)BY(E)(RY) T )BT (6) Y AisHsle)

and, for2<: <k

d%&-(e) = AT (e)Hi(e) + Hile) A(e)
—Hi(e) BT ()(R") () B" T (e) i fisHs(e)
—iﬁﬂir(e) ()(RT) )BT (e)Hile)
+Hi(e) B (e)(R") <>BET(8)§ﬁSHS(a)
+Zur (e)(RP)™H(e) BT (e)Hile)

+ g j!(izi!j)!Hj(s)G(a)WGT(s)Hi_j(a) , (44

%’]}(s) =Tr {H:(e)G

will work. Furthermore, at the boundary condition, it is
necessary to have W (to,Ho, Do) = o (to, Ho, Do), or
equivalently

EWGT(e)}, 1<i<k, 45

k
20+g tO xO+ZMz 10+T(t0>)

i=1

k k
=af Z piHioxo + Z 1iDso -
im1 im1

Thus, matching the boundary condition yields the corre-
sponding initial value conditions &;(to) = 0 and 7;(ty) = 0
for the equations (43)-(45). Applying the feedback gains
specified in (40) and (41) along the solution trajectories of
the equations (32)-(33), these equations become Riccati-type
equations

d%?'ll(e) = —AT(e)H1(e)

||Mw

—Hi(e)A(e) — Qe)
k

()R e)B (€)Y 1isM.s(e)

s=1

+ Hi1(e)BY
k

+> i Ho(e)BY(e)(R”) " (e) BT (e)Ha (e)
=1 i

— Hi(e)BP(e)(R®) ! () B"" (¢ Z

k
= HH () BE () (RP)"H(e)BPT (e)Ha(e)

k

=Y H(e)BY()(RT) ! (e) B Z M
k

+ ) () BE () (RP) 7 () BTe) Zu@

(46)



and, for 2 <<k
%Hi(e) = fAT(e)Hi(e) —Hi(e)A(e)
k
Ye)BPT(e) Y fisHa(e)

+Mi(e)BY (e)(RT)~

k
+ Y M ()BT (€)(RT) 7 e) BT (e)Hile)

k
—Hi(e)BP()(R”) ()BT () Y ()
- Z i, (€) B2 () (RE) () BT ()M )

H;(e)GE)WGT ()YHi_j(e), (47)

together, for 1 <: < k
a
de

where the terminal conditions H;(t) = Qy, Hi(ty) = 0 for

2 <i<kand D;(ty) =0 for 1 <4 < k. Thus, whenever

these equations (46)-(48) admit solutlons {H:()}r, and

{D;(-)}F_,, then the existence of {&;(-)}¥_, and {7;(-)}r_

satisfying the equations (43)-(45) are assured By companng

equations (43)-(45) to those of (46)-(48), one may recognize
that these sets of equations are related to one another by

d d d d
*(‘;5(5) = —dszZ<E> and IQZ(E) = _dig

for 1 < ¢ < k. Enforcing the initial value conditions of
Ei(top) = 0 and 7;(tp) = 0 uniquely implies that

Ei(e) —H;(e) and T;(e) = D;(to)
for all € € [to,ty] and yields a value function

W(e, ¥, 2) = V(e, 37 Z)

= TZM (to $0+Z/~Lz

for which the sufficient condition (36) of the verification
theorem is satisfied. Therefore, the feedback gains for pursuit
team P, (40) and evader team FE, (41) optimizing the
performance index stated in (34) become optimal

k
BPT § 5 ,
=1

k
KE*(E) _ (RE> BET Z

Z_]

Di(e) = —Tr {Hi(e)G(e)WGT (e)} (48)

Dl(E)

= Hi(to) *'Di({:‘)

KP*(e) = —(RP)~! (49)

(50)

Theorem 7: Strategies for Multi-Player Pursuit-Evasion.
Consider the multi-player pursuit-evasion game as described
by (14)-(15) where the pairs (A, BY) and (A, BY) are
uniformly stabilizable. Fix ¢ € WP, ¢F ¢ WP, k € ZT,

and p = {p; > 0}, with y; > 0. Then the saddle-point
solution is achieved by the non-inferior strategy gains

Z fi-Hi(a),
Z WH (o

where additional parametric de51gn freedom 11 mutually
chosen by rival teams represent different levels of influence
as they deem important to the global cost distribution and
{H:(a) > 0}F_, solve the coupled differential equations

KP*(a) = —(RP)™ () BT (a (51)

K®* (a) = (RF)™(a)BFT (a (52)

d
do 1(e) =
— [A(a) + P(a)KP*( )+ BE(a)B*(a)]" H(a)
—Hi(a )[ (@) + B ()K" (@) + BE(a) B¥*(a)]
Q(a) = K™ (a)R" () K™ (a)
KE*T( JRE(a)KP* (o), Hilty) =Qs (53)

and, for 2 <r < k with H}(t;) =0

L3 (0) =
~ [A(@) + BP (@)K () + BE () K7 (a)] " Hi ()

—H:(@) [A() + BY (@) KT*(a) + BP () KF*(a)]
> s!(fi!s)!H: ()G(WET (@)H;_ (), (54)

V. CONCLUSIONS

This paper dealt with a multi-player pursuit-evasion dif-
ferential game modeled in a stochastic environment for
realistic conditions. Matrix differential equations for generat-
ing statistics of the standard integral-quadratic performance-
measure used in this game were derived. A direct dynamic
programming approach was used to solve for saddle-point
solutions that can address both control strategy selection and
performance analysis aspects. Hopefully, these results will
make some new theoretical contributions and performance
analysis tools to stochastic differential game communities.
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